Fermi arc states are features of Weyl semimetal (WSM) surfaces which are robust due to the topological character of the bulk band structure. We demonstrate that Fermi arcs may undergo profound restructurings when surfaces of different systems with a well-defined twist angle are tunnel-coupled. The twisted WSM interface supports a moiré pattern which may be approximated as a periodic system with large real-space unit cell. States bound to the interface emerge, with interesting consequences for the magneto-oscillations expected when a magnetic field is applied perpendicular to the system surfaces. As the twist angle passes through special "arcless angles", for which open Fermi arc states are absent at the interface, Fermi loops of states confined to the interface may break off, without connecting to bulk states of the WSM. We argue that such states have interesting resonance signatures in the optical conductivity of the system in a magnetic field perpendicular to the interface. arXiv:1909.08040v2 [cond-mat.mes-hall] 
Introduction -Weyl semimetals (WSM's) are threedimensional materials which host electronic structures with unusual, robust topological properties. Their bulk band structures contain an even number of "Weyl points," locations where the constant energy surfaces shrink to a point, which act as sources or sinks of Berry's flux through two-dimensional surfaces surrounding them 1, 2 . Their presence in such materials leads to a number of remarkable phenomena, including non-conservation of currents associated with individual Weyl nodes in co-linear electric and magnetic fields, and an associated negative longitudinal magnetoresistance 1, 3 . WSM's can arise in spin-orbit coupled systems with either broken inversion symmetry 4 or time-reversal symmetry [5] [6] [7] [8] . For the latter anomalous Hall effects 9, 10 are expected, as well as non-local transport properties [11] [12] [13] .
Intimately connected with many of these phenomena is the presence of "Fermi arc" states 5, 14 in finite size WSM's. For a semi-infinite WSM, there is a two-dimensional (surface) Brillouin zone (BZ) which generically hosts bound surface states. At zero energy (defined as the energy of the Weyl points), Fermi arcs are one or more curves in the surface k-space that connect the projections of the Weyl points onto the surface BZ. For any k that a Fermi arc passes through, there is a state carrying surface current perpendicular to the arc itself. At the arc endpoints, the penetration depth of the surface state diverges, allowing for exchange between surface and bulk currents. Indeed, in a slab placed in a magnetic field perpendicular to the surfaces, current may flow in opposite directions along Fermi arcs on each surface, connected by chiral states through the bulk, to form closed loops 15 . These periodic orbits are expected to generate magneto-oscillations in measurable properties of a slab of WSM 16, 17 . Notably, because the orbits involve a bulk component, the characteristic frequencies depend on the slab thickness.
Given the remarkable nature of surface states in WSM's, it is interesting to explore how their properties might be modified and/or controlled. This is the subject of our study. Specifically, we consider the fate of Fermi arc states when surfaces from two separate WSM's are twisted with respect to one another, and then tunnel-coupled. Tunnel-coupling of dis- tinct Weyl fermion systems aligned with one another along high-symmetry directions are known to admit Fermi arc states which can connect Weyl nodes of different subsystems 18, 19 .
In this work we consider general rotation angles, and find that the possibilities for Fermi arc reconstruction are considerably richer. This physics emerges from the lattice misalignment at the interface, resulting in a moiré pattern that can be approximated by a two-dimensional lattice with a large real-space unit cell. Analogous physics is known to be important in twisted graphene bilayers and other two-dimensional van der Waals bonded systems 20, 21 . In the graphene case, the prediction of extremely flat bands in the effective moiré Brillouin zone 22, 23 has been indirectly verified by the demonstration of interaction-induced correlated states 24, 25 that one might expect of such systems.
Tunneling between states on the two WSM surfaces can occur directly between states of the same crystal momentum ("direct tunneling"), or between states whose wavevectors differ by linear combinations of the reciprocal lattice vectors in each layer ("umklapp tunneling"). When the layers are separated by a distance greater than the lattice constant of the underlying crystals, the umklapp processes are dominated by the shortest scattering wavevectors; retaining just the two smallest of these (along with the direct tunneling term) results in an effective surface superlattice defined by the two scattering wavevectors, along with a corresponding moiré Brillouin zone. We find that, generically, the coupled Fermi arcs within a moiré Brillouin zone will oscillate in direction (as shown in Fig. 1a ), and typically connect Weyl nodes of the two different slabs 18, 19 . For some ranges of angles, one finds that Fermi arcs reconstruct to form open arcs connecting the Weyl nodes, coexisting with arcs that close upon themselves. For special "arcless angles", the interface hosts only closed Fermi loops. For relatively weak coupling, some of these loops include points at the surface projections of the Weyl points, while for stronger coupling the Weyl points may couple directly to one another, so that all the Fermi loops at the interface are completely disconnected from the Weyl points. A summary of these different possibilities is illustrated in Fig. 1 .
The existence of closed Fermi loops at the arcless angles is particularly interesting. For sufficiently clean systems this means the interface hosts two types of conducting channels. Type (i) channels go through the Weyl point projections, and have significant overlap with the bulk at the Weyl points. Type (ii) channels never intersect the Weyl point projections, and thus do not leak into the bulk of either system. In the presence of a perpendicular magnetic field, currents associated with type (ii) channels should flow along the arc. Although they present open orbits in real space -and are thus not expected to lead to oscillations in the density of states -they involve periodic motion due to the meandering of the orbits through the moiré Brillouin zone, with periods inversely proportional to the magnetic field. This suggests the interface will present resonances in its optical conductivity σ(ω) that reflect the orbit periods, in analogy with the behavior of "warped" open orbits at the Fermi surface of quasi-one-dimensional materials 26 . Type (i) orbits similarly should present oscillations in σ(ω); however, because they are closed in real space they are additionally expected to result in density of states magnetooscillations which can be detected in thermodynamic quantities at zero frequency 15 . In the perturbative regime of tunnelcoupling, for type (i) orbits the resonance frequency in σ(ω) is expected to jump as the twist angle crosses an arcless angle. For type (ii) orbits, the frequency itself evolves continuously as a function of twist angle, but the amplitude of σ(ω) should jump as arcless angles are crossed.
We now turn to a more detailed discussion of our results, as well as the analysis that leads to them.
Model Hamiltonian and Surface States -Our starting point is a simple two-band model 6 (with broken time-reversal symmetry) of a WSM hosting two Weyl nodes, supporting a single Fermi arc on any surface for which the projections of the Weyl points do not overlap in the surface Brillouin zone. The under-lying crystal is cubic (with lattice constant as our length unit), and the bulk Hamiltonian as a function of crystal momentum takes the form
In this expression, k is a two-dimensional momentum, σ µ are Pauli matrices, and f
The bulk Weyl points are (±k 0 , 0, 0). To simplify our notation, we hereon set t = 1. The existence and form of surface states may be found by going to the continuum limit in one direction, which we take here to beẑ. Expanding H 0 (k, k z ) to second order in k z , we can look for evanescent solutions by taking k z → iλ. Within this procedure [27] [28] [29] , four values of λ satisfying H 0 (k, iλ)Φ = EΦ may be found, two of which produce wave functions that vanish as z → ∞. One must then choose the value of E such that the eigenvector Φ is the same for both these values of λ, so that a linear combination may be formed satisfying vanishing boundary conditions at z = 0. 
In a long-wavelength model in which the tunneling amplitude is uniform across the surfaces, the two-dimensional crystal momentum will be conserved. Projecting into the Fermi arc states of the two surfaces, the coupled Hamiltonian may be modeled as
where we have assumed w d is real. In principle, after projection onto the surface states w d is a function of k, and should vanish at the positions of the arc end points, for which one of the inverse length scales λ in the surface state construction vanishes, indicating the Fermi arc state crosses over into a bulk state. However, w is most important near k = 0 where the Fermi arcs cross, and is non-vanishing at that location. Diagonalizing H c yields energies 22 assumes that the tunneling amplitude between atoms in different systems depends only on the total distance between them; summing over the two-dimensional direct lattice vectors then leads to tunneling processes in which the in-plane wavevector scatters by a difference in reciprocal lattice vectors, g ij ≡ n i G i −n j G j , with i, j = 1, 2 and n i , n j integers. Provided the states are further apart than the underlying lattice constants of the bulk materials, tunneling amplitudes will drop rapidly with increasing |n i |, |n j |. The largest amplitudes for such umklapp tunneling processes occur when one of these integers vanishes and the other is ±1. These processes may be regarded as renormalizations of the direct tunneling process. Qualitatively new behavior emerges when |n i | = |n j | = 1, and translation of the Fermi arcs by g ij causes them to overlap at new locations in momentum.
The Hamiltonian for states projected onto the Fermi arcs in this case takes the form
where w u is a tunneling amplitude associated with the umklapp process defined by g ij . Within the assumptions discussed above we expect |w u | |w d |; however, for values of k such that v T · (k + g ij ) ≈ v B · k its effect cannot be neglected. By retaining just the vectors g ij that generate such degeneracies, one can describe the system in terms of an effective superlattice, which may be viewed as an approximation to the moiré pattern 22 expected to appear at the interface between the two WSM's. Using this paradigm, we next turn to some of the interesting reconstructions of the Fermi arcs that result from this physics.
Results -We begin by considering the situation for small θ. In this case there is a single pair of collinear scattering vectors, ±g 1 where |g 1 | = 2 sin θ|G 1 | (see Fig. 2(b) ), which are relevant to the Fermi arc restructuring. In this case the system may be regarded as a one-dimensional superlattice, and an example of the Fermi arc behavior is illustrated in Fig. 1(a) . We assume the "bare" Fermi arcs to be short compared to the surface Brillouin zone sizes of the individual layers; nevertheless, for small enough θ the reconstructed Fermi arcs oscillate back and forth repeatedly, ultimately connecting a Weyl node of the lower system to one for the upper system. As θ increases the number of oscillations decreases, and ultimately the reconstructed Fermi arcs will turn back once around k = 0 through a direct process to connect nodes in opposite layers.
An interesting consequence of this behavior is its effect on magneto-oscillations expected for WSM slabs 15 . For two rotated slabs tunnel-coupled in this way, in a magnetic field B perpendicular to the interface, semiclassical orbits will pass through the reconstructed arcs. While the total arc length and the effective Lorentz forces along most sections of the arcs are rather similar to their values for uncoupled arcs, at the crossing points the Lorentz force becomes ∼ Bv 0 sin θ, leading to a lengthening of the total orbit period at small θ, both because of the slow velocity at an orbital turning point, and because of the proliferation of the number of such turns as θ → 0. This should lead to an anomalous increase of the magnetooscillation period at small twist angles, which is eliminated as the twist angle increases, both continuously as the velocity around the turning points increases, and in steps as the "switchbacks" in the interface orbits are eliminated. Fig. 1(b) illustrates the situation for a twist angle satisfying 2θ ∼ π/2. The relevant scattering wavevectors in this case are ±g 1 and ±g 2 , where
. These wavevectors form an effective small Brillouin zone [g 1 , g 2 ] that defines the wavevector space for the periodic approximation to the moiré pattern at the twist interface. Because of the two-dimensional character of this Brillouin zone, the pattern of avoided crossings breaks up the Fermi arcs into a pair of short Fermi arcs connecting Weyl points in the two different systems, and one or more longer closed loops wrapping around the torus defined by the moiré Brillouin zone. For specific twist angles, the Weyl nodes overlap perfectly, eliminating the Fermi arcs, but leave behind the closed orbits (Fig 1c and 1d) . These "arcless angles" satisfy the equation
with n an integer. The situation at such angles is unique, in that the twisted WSM supports 2|n| closed loops of surface states. In the perturbative regime, two of these closed loops go through the Weyl point projections (type (i) loops), while 2(|n| − 1) of them are composed of purely interface states (type (ii) loops). The number of such closed loops changes with twist angle, becoming arbitrarily large as 2θ → π/2. Note that at the arcless angles, even the two type (i) Fermi loops at the interface that nominally overlap with the Weyl point projections may actually detach from them at strong enough tunnel-coupling, as we demonstrate in Sec. IV of the SM for a specific geometry. In such cases, all surface states form closed loops disconnected from the Weyl point projections. For small inter-surface coupling, it seems likely that the type (i) Fermi loops will contain the Weyl point projections.
Finally we note that for relative twist angles 2θ ∼ π and 2θ ∼ 3π/2, one expects to encounter restructured arc states with forms qualitatively similar to those for small twist angles and for 2θ ∼ π/2, respectively.
Discussion -The closed Fermi loops that form at twist interfaces for relative angle 2θ ∼ π/2 of type (ii), and of both types at the arcless angles, represent one of the more surprising phenomena occurring in the twisted WSM system. A direct probe of electrons in these states involves their semiclassical dynamics in a magnetic field B perpendicular to the interface. The relevant equations of motion are
In these equations, k is contained in the moiré Brillouin zone, and α labels different disconnected parts of the reconstructed Fermi arcs. 30 The energy function ε α (k) corresponding to the closed Fermi arc is given approximately, over most of its length, by the Fermi arc energies for the uncoupled systems, appropriately translated into the moiré Brillouin zone. For trajectories near zero energy at E = 0, and for 0 ≤ θ ≤ π/4 one should set ε α = E − (with E − as defined below Eq. (2)) near degeneracy points . First we focus on type (ii) loops. The orbits of Eqs. (5) are closed orbits in the moiré Brillouin zone, but open in real space. Magneto-oscillations in the electronic density of states are not expected; however, the periodicity of the k space orbit should generate excitations of finite frequency, detectable by resonances in the optical conductivity σ(ω) 26 .
As θ (assumed near π 2 ) decreases the period of the type (ii) closed orbits in k decreases, and the frequency of the resonance in σ(ω) increases smoothly as a function of θ. However, every time an arcless angle is crossed, the number of type (ii) closed loops changes by two, which should lead to a jump in the resonance amplitude in σ(ω). (These statements are strictly correct for weak tunnel-coupling, for which all closed loops are expected to have the same period for a given B.) Interestingly, because the orbits generating these resonances oscillate both within the plane and perpendicular to them, they should be detectable via absorption of electromagnetic waves polarized either parallel or perpendicular to the interface 31 .
For generic angles, the type (i) interface orbits that connect to the bulk Weyl points should admit more general magneto-oscillations 15 , with period dependent on length of the Fermi arcs at the interface, as well as those at the more remote surfaces, which will also produce resonances in σ(ω). As the Fermi arcs abruptly change length when θ passes through an arcless angle, we expect jumps in the resonance frequency in σ(ω) due to type (i) orbits.
Finally, we briefly comment on the situation for WSM's where the Weyl nodes appear due to broken inversion symmetry, rather than broken time-reversal symmetry. A model bulk Hamiltonian of such a system, with four bands, 32 has the form 33
where M k = m + 2 − cos k x − cos k z , τ µ are Pauli matrices acting in an orbital space and σ µ acts in a spin space. For this model we do not find situations in which closed Fermi loops form at the interface which are disconnected from the Weyl nodes. Nevertheless, three-dimensional closed orbits should still form in a magnetic field, which pass through the interface states. At small twist angles some of these loops will acquire an anomalously long period in the same way as was found above in the system with broken time-reversal symmetry. We again expect this to lead to magneto-oscillations of suppressed frequency.
In real materials, surfaces can have significantly larger numbers of Fermi arcs, which may connect amongst one another along arcs of non-vanishing curvature. At small twist angles we expect such systems will also host low frequency magneto-oscillations. It is interesting to speculate that some such systems might also host closed Fermi loops as found in the two-band model, as well the elimination of open Fermi arcs connecting some of the bulk Weyl nodes. We leave these questions for future research.
I. SUPPLEMENTAL MATERIAL: SURFACE STATES AND ARCLESS ANGLES IN TWISTED WEYL SEMIMETALS
Our Supplemental Material is organized as follows. We start our discussion with the continuum model in Section I A, which has the advantage of being easy to generalize to the case of tunnel-coupled surfaces of Weyl semi-metals twisted with respect to each other at arbitrary angle. The disadvantage is that one can only incorporate tunnel coupling between the surfaces perturbatively. In Section I B we then develop a lattice formulation for the case of a single semi-infinite slab. We proceed further in Section I C by considering the case of two slabs of identical Weyl semi-metal twisted with respect to each other by π 2 and tunnel-coupled to one another. The advantage of the lattice formulation is that for twist angles that are multiples of π/2, it allows a treatment that is nonperturbative in the tunnel-coupling. Finally, in Section I D we modify the Hamiltonian of Eq. (7) to obtain curved Fermi arcs, and show by a lattice calculation that when the tunnel-coupling is sufficiently strong, the Fermi arcs can detach from the projections of the Weyl points, and form closed loops in the surface BZ.
A. Fermi arc states for a single semi-infinite slab: Continuum approach
We start with our tight-binding Hamiltonian of Eq. (1) in the main text, with t set equal to unity from the beginning (and t > 0):
where f 
In a real-space representation of the z direction, the Hamiltonian density acquires the form
Considering a semi-infinite slab where z ≥ 0, we then search for eigenvectors Φ(z) of H (with eigenvalues E(k x , k y )) which obey vanishing boundary conditions on the surface z = 0 and decay in the bulk z → ∞. From Eq. (9) it is apparent that Φ(z) are linear combinations of eigenvectors of the form
where {λ} > 0 and Φ 0 is a (z-independent) two-component spinor. Substituting Φ λ in HΦ λ = EΦ λ , we obtain a quadratic equation for λ as a function of E, k x , k y with the solutions
The corresponding eigenvectors are of the form Eq. (10) with
The resulting eigenstates Φ(z) = a + Φ λ+ (z) + a − Φ λ− (z) obey the boundary condition Φ(0) = 0 provided the coefficients a ± satisfy
which has a solution provided det M = 0. Assuming λ + = λ − , this yields the equation
Assuming that λ + , λ − are real, they must obey simultaneously
We next impose the requirement λ + , λ − > 0, which implies that the second conditions in Eq. (15) can be satisfied only providedf x < 0. Additionally, for the special case E = 0 the first condition yields f y = 0. Recalling the definition off x , f y [Eq. (8)], we conclude that a consistent solution for the surface states exists along the segment k y = 0, |k x | < k 0 . Notably, this is precisely the Fermi arc connecting the two Weyl nodes (±k 0 , 0). For arbitrary E, we combine Eqs. (11) and (15) to get
Interestingly, when substituted in Eq. (12) to obtain the eigenvectors, we find
i.e., the surface states are spin-polarized along the σ y direction, as stated in the main text.
B. Fermi arc states for a single semi-infinite slab: Lattice calculation
In this section we consider the lattice Hamiltonian Eq. (7), and transform to real space in the z-direction, with the lattice sites in this direction labeled by n. The momenta k x , k y will be left as parameters. Defining the lattice Fourier transform by
where the lattice spacing is a ≡ 1 and we have suppressed the spin index in the fermion destruction operators c(k x , k y , k z ), c n (k x , k y ). After a bit of algebra we obtain
In the above we have suppressed the k x , k y arguments in all fermion operators for notational simplicity. For further analysis, it is convenient to rotate the σ-matrices by π 2 around the x-axis, which has the virtue of making the Hamiltonian purely real. In this basis, the Hamiltonian is
Since the Hamiltonian is real, the wavefunction can also be chosen real. This will play an important role in the counting argument that shows that the conditions to have a surface state can be met.
To consider a semi-infinite slab, we simply restrict the sum over n to either non-negative or non-positive integers. For specificity, let us consider the bottom surface of a semi-infinite slab, with n = 0, 1, 2, . . . . We want solutions that decay into the bulk, so we make the eigenstate ansatz
where |u| < 1 for the state to be normalizable. Demanding H|E, k x , k y = E|E, k x , k y leads to the matrix condition on Φ 0s , for n > 0,
In explicit terms, the matrix M is
Since the matrix M has a zero eigenvector, its determinant should vanish. This gives a quartic equation for u, which, by changing to the variable
can be recast as a quadratic equation,
Clearly, we can solve this quadratic and then the auxiliary quadratic u 2 − uξ + 1 = 0 to obtain four values of u. The structure of this auxiliary quadratic shows that the values of u occur in pairs whose product is unity. Thus, either both roots are real, with one being less than unity and the other greater, or they are unimodular and complex conjugates of each other. In the latter case the wavefunctions will not be normalizable, and thus there will be no surface modes. It is interesting to consider the relation of our approach to that of Ref. 18 , which is restricted to t = 1. Clearly, t = 1 is singular in the sense that the quadratic equation Eq. (26) becomes a linear one. This means one of the roots has been pushed off to infinity. Solving the auxiliary quadratic, we see that there are only two physically acceptable roots for u in this case, with only one of them being less than unity in magnitude. Ref. 18 presents many elegant results in this simplified model, but one might worry that the results of the fine-tuned t = 1 model may not be generic. Our analysis demonstrates that in fact they are.
Going back to our problem, let us assume that we have obtained two real values of u, say u 1 , u 2 such that |u 1 | < 1, |u 2 | < 1. The next step is to find the eigenvectors corresponding to these values of u i by solving M (u i )Φ i 0 = 0. The final step is to find a linear combination of these solutions
that satisfies the boundary condition on the surface, which can be written as
Since the u i as well as the wavefunctions are real, so are α i . The normalization is immaterial for satisfying Eq. (28), which means we can set α 1 = 1. Thus, for a given k x , k y , we have one real free parameter α 2 , and another real free parameter E. With these two parameters we can indeed satisfy the two conditions represented by Eq. (28). This means a solution exists as long as we can find two real u(b) i , with |u
[Note that the superscript (b) denotes the bottom surface.] Given a u which solves the characteristic equation, we can find the eigenvector corresponding to it by solving Eq. (23). For future reference, the un-normalized spinor can be expressed in two equivalent ways,
.
The solutions turn out to be particularly simple if one assumes 0 < t = sin φ < 1, and k 0 < φ. For the bottom surface of a semi-infinite slab, the energy is
(Note this same result was obtained previously 18 for the specific case t = 1.) Defining F x = 1 +f x = cos k 0 + 1 2 sin 2 kx 2 + sin 2 ky 2 , we find that the two u i we want are solutions to the vanishing of the lower left entry of the matrix M . Thus
yielding the solutions 
The region is illustrated in Fig. (3) for k 0 = π 4 . In our simple model the spinors for the bottom surface are always
The 
Since n now goes to large negative values we see that we again want values of the two u i which satisfy |u i | < 1.
The condition for the bulk to satisfy the eigenvalue equation remains the same as Eq. (23), and the four roots of the characteristic equation remain the same. Since, in our model, we have shown that each root occurs with its reciprocal, we simply choose, in the appropriate region (Eq. (31)) the two values of u to be
For the bottom surface the energy is
and the spinor is
At E = 0 the Fermi arcs join the projections of the Weyl points onto the surface BZ. The Fermi arc state on the bottom surface has a (group) velocity in the positive y-direction while that on the top surface has a group velocity in the negative y-direction. We finally comment on the comparison with the continuum approximation described in Sec. I. Within the lattice approach, the eigenstates are parametrized by the multiplicative factor u which denotes a decay of the amplitude within a single lattice constant along the z direction. The continuum solutions Eq. (10) for z = a = 1 implies that, in the appropriate limit, one should recover u = e −λ . In particular, the continuum approximation is valid for λ ± 1; from the expression Eq. (16) , this is obeyed for t 1. For simplicity, we further consider a range of k x wheref x t 1 (so that λ ± are real). We then recall Eq. (30) for u (b) ± (with t = sin φ andf x = F x − 1), and expand − ln{u
Noting that, additionally, the solutions for the energy E and eigenvectors are found to be identical, the continuum limit is indeed recovered in the appropriate limit.
C. Two slabs rotated by π 2
The key premise of the main text is that when the top surface of one slab of WSM is tunnel-coupled to the bottom surface of another WSM, the Fermi arcs on the two surfaces will hybridize and reconstruct. Generically, since at arbitrary angles of rotation of one surface with respect to the other, there is no true periodicity, and thus no surface BZ, this problem cannot be handled by strictly lattice methods. However, one simple case that can be handled by lattice methods is when two slabs of the same WSM (assumed to have a square lattice in the xy-plane) are rotated with respect to each other by π 2 and tunnel-coupled. In the following we will assume that the tunnel-coupling between the two surfaces in the z-direction is identical in form to the coupling in the bulk, but may differ in magnitude. We will use c n , n = 0, 1, 2, . . . , ∞ for the operators of the top slab, and d n , n = 0, −1, −2, . . . , −∞ for the operators of the bottom slab, suppressing the spin and k x , k y labels. Bearing in mind that we are rotating the top slab by π 2 the total Hamiltonian is
Here κ parameterizes the strength of the tunnel-coupling between the two surfaces. Note the appearance of −2 sin k x as the coefficient of σ z in the site-diagonal term in the Hamiltonian for the top slab. This is because the slab has been rotated by π 2 , leading to k x → k y , k y → −k x . To reduce notational complexity in what follows, we introduce the following definitions.
For a given E, k x , k y let us call the two appropriate roots in the top slab u i . Generically these will not be the same because f 
we write the wavefunctions in the top and bottom slabs as
The boundary conditions at the interface can be compactly written as FIG. 4: Reconstructed Fermi arcs for two semi-infinite slabs of identical Weyl semimetals rotated by π 2 with respect to each other and the free surfaces tunnel-coupled with a strength κ. The parameters we have chosen for this figure are k0 = π 4 and t = sin π 3 . Only the first quadrant is shown. There is a an identical reconstructed Fermi arc in the third quadrant as well. At zero tunnel-coupling the Fermi arcs are un-reconstructed. The Fermi arc belonging to the top slab will be the vertical line kx = 0, −k0 < ky < k0, while the Fermi arc belonging to the bottom slab will be the horizontal line −k0 < kx < k0, ky = 0. The projections of the Weyl points with positive monopole number are at (0, k0) (top slab) and (k0, 0) (bottom slab). As κ increases, the surface states hybridize, and the Fermi arcs reconstruct to reconnect the projections of the + monopoles of the two slabs together and the -monopoles together.
In explicit form, these four equations can be written as
Now suppose we want to find the reconstructed Fermi arc at the interface for a given value of E. For a solution to exist the determinant of the matrix M must vanish. The only free variables left in M once E is fixed are k x , k y , and det(M ) = 0 puts one condition on them. This is the implicit equation for the reconstructed Fermi arc. In contrast to the results for the semi-infinite slabs, the reconstructed Fermi arcs for κ = 0 do depend on the value of t .
In Fig. (4) we show the reconstructed Fermi arc for E = 0 for different values of the inter-slab coupling κ. Only the first quadrant of the surface BZ is shown, with a similar reconstruction occuring in the third quadrant.
D. Curved Fermi arcs and detachment from Weyl points
In the main manuscript we noted that at the arcless angles, when the projections of the Weyl points of positive chirality coincide in the surface Brillouin zone (and likewise for the negative chirality Weyl points), the Fermi arcs may form closed loops which are detached from the Weyl points. To demonstrate this requires a nonperturbative calculation in the coupling between the two surfaces. Analogous behavior has been demonstrated for t = 1 18 , but the special properties of that parameter choice (discussed above) leave open the question of whether such behavior is generic. To address this, we present in this section an analogous calculation demonstrating that Fermi loops can indeed detach from the projections of the Weyl points for sufficiently strong tunnel-coupling, without fine-tuning of parameters. We modify our model slightly to produce curved Fermi arcs, by changing the functional form of f y to f y (k x , k y ; λ) = sin k y + λ(cos k x − cos k 0 ).
It is easy to see that the bulk Weyl points remain unchanged, regardless of the value of λ. All the manipulations of Section I B go through as before. From Eq. (29) , for the bottom surface of a semi-infinite slab, the Fermi arc at E = 0 is given by E = 2f y (k x , k y ; λ) = 0.
Let us choose the top semi-infinite slab as above with λ t > 0, while the bottom slab has the same form with λ b = −λ t . The two lattices are in registry with each other, and the surfaces are brought into proximity, with the coupling being of the same form as in Eq. (38). The formalism of Section I C is general enough to accomodate this situation with the appropriate replacements for In Fig. (5) we show the evolution of the Fermi arcs as the coupling strength κ between the two surfaces is increased. There is a critical value of κ * ≈ 0.65 beyond which the Fermi arcs detach from the projections of the Weyl points and form a closed loop detached from the Weyl point projections.
